The solution to the problem of optimal control of piecewise affine systems with a bounded disturbance is characterised. Results that allow one to compute the value function, its domain (robustly controllable set) and the optimal control law are presented. The tools that are employed include dynamic programming, polytopic set algebra and parametric programming. When the cost is time (robust time-optimal control problem) or the stage cost is piecewise affine (robust optimal and robust receding horizon control problems), the value function and the optimal coutrol law are both piecewise affine and each robustly controllable set is the union of a finite set of polytopes. Conditions on the cost and constraints are also proposed in order to ensure that the optimal control laws are robustly stabilising.
Introduction
In recent years therr has been an increase in the amount of research on the control of piecewise affine systems (sometimes also called piecewise linear systems). The rise in interest in this class of systems is due to the fact that many nonlinear systems can be approximated arbitrarily closely using piecewise affine models [I81 and because of the equivalence that has been shown to exist between piecewise affine systems and a large class of hybrid systems [IO] .
Though many papers address the analysis and optimal control of piecewise affine systems (see [l, 171 and the references therein), the literature on the robust control of this class of systems is relatively sparse. Some of the contributions include reachability-based approaches for the control of uncertain, piecewise linear hybrid systems [ 161 , robust optimal control [5] and robust receding horizon control f2, 14, 151 of a piecewise affine system to a given target set. The results in this paper are an extension of results on the robust optimal control of linear systems to the class of piecewise affine systems. The extension of the results for linear systems presented in f2, 161, to which this paper is most closely related, is unfortunately not straight-forward. The system under consideration in this paper is nonlinear and the resulting domains of attraction non-convex; some of the linearity and convexity arguments exploited in [Z, 161 do not hold and extra care has to be taken when computing the control laws.
One of the key results which allow one to compute robust optimal controllers for piecewise affine systems, is the fact that one can compute the robustly controllable sets of the system as the union of a finite set of polytopes, using standard computational geometry tools [ l l , 121. The other key observation is that, provided the stage cost is piecewise affine (which includes the case when the cost is e, or e,), one can set up a sequence of parametric programming problems [7, 81 and compute the explicit solutions to the robust optimal and robust receding horizon control problems, in a similar fashion to [I, 21. Sections 2 and 3 introduce some notation and set up the optimal feedback control problems that will be considered. Section 4 provides a dynamic programming solution to the set of control problems and Section 5 provides some stahility results for the resulting control laws. Geometric results that allow one to compute the control laws are given in Section 6 and some conclusions are drawn in Section 7.
Definitions and Notation
A polyhedron in lUn is a (convex) set given by the inter- 
Problem Setup
The problem considered in this paper is the robust optimal control of continuous, discrete-time, piecewise affine systems of the form 
at state x).
Given a target set T c X, for each initial state x E X , let The robust optimal control problem PN can now be defined
as Let x i ( x ) denote the solution to PN(x) :
, . . . , p N N I ( . ; x ) } (7)
The robust time-optimal control problem is defined as
where ' 
Robust time-optimal problem
For the robust time-optimal control problem P, the value function hp(x) takes the discrete values i E (0,1,2,. . . , Nma}. For each i, the robustly controllable set Xi := {x 1 @ ( x ) 5 i} is the set of initial states that can be mbustly steered (steered for all w E W') to the target set T , in i steps or less while satisfying all state and control constraints. Thus @(x) = i for all x E X;\X;-l. The 
robustly steers any x E XN to XO in N steps or less, while satisfying state and control constraints, and thereafter miintains the state in Xu. The control law KO : T -2' is defined by
Note again that all the K; : X; -2' are set-valued.
Stability
Because of the persistent, additive disturbance w, convergence of the state of the controlled system to the origin is not possible: convergence to a set T containing the origin can be proven instead. The corresponding notions of stability and attractivity are as follows. 
Robust optimal and receding horizon control
Robust finite-time attraction of T for the closed-loop system with the time-varying, optimal control policy each ~i ( . ) , i E { I , ..., N} is defined in (17) and I%(.) is defined in (201, follows similar arguments as for the robust time-optimal control problem. The rest of this section will therefore only consider the stabilising properties of the time-invariant receding horizon control law KN : XN i 2' defined in (17) with i = N.
A2:
The set T is compact, robustly controlled invariant, and contains the origin in its interior. The terminal cost F(x) := 0 for all x E T . The path cost e(.) is piecewise a f h e , is zero in T x U, continuous in (X \ T ) x U , and satisfies !(I, U ) 2 ~1x1, for all (x, U ) E (X \ T ) x U , for some c > 0.
The above assumption satisfies axioms A3a and A4a in all w E W . It follows from A2 that V , ( x ) = 0, Vx E T and that T is disturbance invariant for the closed-loop system x+ t f(x,KO(x), W ) (so that KO(.), which is set-valued, keeps the state in T irrespective of the disturbance). Since 
Geometric Solution
Necessary results are given in 56.1 and the sets X; and Si are characterised in 56.2; solutions to the robust time-optimal and robust optimal control problems are given in $6.3 and $6.4 respectively. In the subsequent sections it will be assumed that T is a polytope or is the union of a finite set of polytopes. Proposition 4 will be used in Theorems 3 and 6 to characterise the solution to the robust optimal control problem. Theorem 3 characterises the solution to a multi-parametric piecewise afYine program (mp-PAP) where the cost is a piecewise &ne function of the decision variables and parameters and the constraints on the decision variables and parameters are given by the union of a set of (possibly overlapping) polytopes. This result will be used in 56.4 to characterise the optimal cost and control law. a given x, if the control input is selected from any of the polytopes {U I(x,u) E q"."'}, j E LflC, then the state of the system will he steered from XflCx) to X , , O~+~ for all admissible disturbances.
Preliminary results
6.4 Solution to the robust optimal control problem Recalling the discussion in $4.2 and 85.2, one can now characterise the optimal cost and control law and derive an algorithm for computing the solutions to the robust optimal and robust receding horizon control problems. ussurned that e(x, U ) = 0 for all (x, U ) E T x U , continuity of the value function and control low olmer Xi cannot be guaranteed. However; the optimal cost is srill piecewise affine on X; and it is still possible to compute an optimal conrml law that is piecewise affine on Xi. 7 
Conclusions
The solutions to the problems of robust time-optimal, robust optimal and robust receding horizon control of a piecewise affine system with a persistent, but bounded, disturbance have been characterised. For the robust time-optimal control problem, the robustly controllable sets were shown to be finite unions of polytopes that can be computed using the results given above; the time-optimal control is determined by simple optimization over these sets. For the robust optimal and robust receding horizon control problems, the optimal value functions and control laws were shown to be piecewise affine (provided the stage cost is piecewise affine) and their domains the union of a finite set of polytopes; the optimal control is determined by simply checking a finite number of inequalities at each time step. Finally, it is worth mentioning that algorithms based directly on the results presented here might he too inefficient to be realisable for large or complex systems. As such, current research is aimed at finding more efficient algorithms for the computation and implementation of the control laws discussed in this paper.
